
Biophysical Chemistry 17 (1983) 321-336 
EkeVier 

321 

GENERALIZED FINITE ELEMENT SOLUTION TO ONE-DIMENSIONAL FLUX PROBLEMS 

G. Peter TODD and Rudy H. HASCHEMEYIJR 

Deparrntent of Biochemistv, Cornell University Medical ColIege, 1300 York Avenue. New York. NY iOO2l. U.S.A. 

Received 5th October 1982 

Accepted 10th January 1983 

Key wmir: Finite elemenr merhod; Flow simuiacion; Ulrrocentrifugation; Elecrrophoresis; Chromatngraphy 

A finite element numerical solution to the general one-dimensional flow equation is derived in a form that provides a 
convenient and general means to simulate a wide variety of one-dimensional flow techniques of interest to biological scientists, 
e.g., ultracenttifugation. electrophoresis. chromatography. etc. Diverse physical models defined in terms of column geometry, 
solute interactions, and the dependence of transport parameters on column position. time. or concentrations of one or more 
solutes, can be accommodated. A particuhuly useful aspect of the formulation is that a wide variety of boundary conditions 
can be simply applied to the end result, without rederivation of the solution for each new case. The numerical solution is 
exnressed as matrix eauations that are sufficiently neneral so that incorporation of particular models c: n be effected by _ - 
substitution of approphate quantities into the final result 

1. Introduction 

The principles underlying the finite element 
-ethod for solution of differential equations were 
:..st presented by Courant in 1943. The method 
was developed in its initial stages primarily by 
engineers who applied it to problems in structural 
mechanics and elasticity. Over the past two de- 
cades applications of the finite element method 
have been made with increasing frequency in areas 
of engineering and physics where simulation of 
model behavior is paramount (e.g., see refs. 1 and 

2). 

viscoshy due to soiute redissribution) Their equa- 
tions were expressed in relatively sample matrix 
form appropriate for computer solution. In the last 
of this series , Claverie [5] suggested that extension 
of the method to other flow techniques could 
result in a similarly convenient solution. 

The finite element method was introduced to 
biological scientists through a series of three papers 
by Claverie, Dreux and Cohen [3-5j. They pre- 
sented equations to calculate concentration distri- 
butions of solutes redistributing with time in the 
ultracentrifuge. Their formulation included chemi- 
cal interactions among solutes, and the functional 
dependence of a solute’s sedimentation and diffu- 
sion coefficients on its own concentration, or on 
the concentrations of other solutes (thus allowing 
incorporation of such effects as thermodynamic 
nonidentity or changes in solution density or 

Further impetus to generalize thzir method re- 
sulted from our recent demonstration that its 
‘thought-wise obvious’ incorporation to solve the 
inverse problem of the ultracentrifuge was indeed 
practical [6]. Thus, given a model of the expe.-i- 
mental system, it is possible to determine the 
values of unknown parameters in the model that 
minimize the least-square difference between 
calculated and experimental data. 

It should be recognized that several numerica! 
methods for the simulation of flow techniques of 
interest to biological scientists have appeared over 
the last two decades (including ultrocentrifugotion 
[7-IO]. electrophoresis [ IOJ. isoelectric focusing 
[ 11,121 and molecular exclusion chromatography 
[13,14]). Some of the simulation techniques have 
been applied to more than u single flow method, 
und most appear capable of extension to a vnriety 
of flow techniques. However, significunt timita- 
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where C, is the cctnccntrntion (mass/volume) c3f 

salute 8%. .V the sptttinl eoordinrtte along which flow 
can occur, a and b the positions of lhe boun&rics. 
I the time, and f,, the initinl time. Such fuwtions 
represent the solution of ttn npproprirtte systrm of 
s ~oIl;it~uity r*yutttions. subject to initistl and 
boundary conditions determined by the experi- 
mcntnl design. Extending the gcncrttl ons-dimon- 
sianal continuity equation presented by Ttrnford 

[ 151 to include solute intorconversions results in 

whew A,(s) is tlie CrOSS-SectiOnid urea of the 
column that is accessible to solute k, JA (s, I ) the 
flux of solute k per unit of accessible cross-sef- 
tiomtl :tre;t, and QA( s. r) represents a st:tnd:trd 
kin&c expression for the rate of tftiln&! of CA ciuc 
to any associations, dissociations, or otlter rc:tc- 
tions Of tfle SOlutCS. For CXi~mplC, for ttil tissociat- 

ing monomer-dimer system. wc would IlitVe Q, = 

k,,C, - k,,Cf and Q2 = -9,. where k,, itnd k,, are 
tl1c ilSSocintiOn iand dissociation rate conSt:lntS, 

and the subscripts I and 2 refer to the monomer 
:tnd dimcr, respectively. QA ~:m itl\VayS he CViduttted 

from the conccntrntions of rcncttmts, and ap- 
propriate rate constants. Q,. could include rate- 
tions with sites on the cotumn if the distribution of 
such sites was sufficiently uniform throughout the 
column cross-section that the one-dimertsionality 
of the problem was mnintnincd. 

‘The flux Jn can br rxprcssed in general form as 

where F’( s, I) is the average flow rate (cm/s) 
solute k would have in the absence of conccntra- 
tion gradients (when there is no solute redistribu- 
tion due to diffusions, DAI(s, I) the m&n diffu- 
sion coefficient of solute k in the column medium. 
ond J&,(x. t). for I== k, aoss-term diffusion coef- 
ficients [t6,17]. F and D terms can be Functions of 
s and I directly. or functions of the concentrations 
of one or more of the jolutes. 

Expcrimenwi conditions are usually such that 
cross-term diffusion coefficients are sufficiently 
smnll to be ignored. in which case eq. 2 simplifies 



(3) 

where D, = I),,. This more convcnicnt expression 
for the flux will he used until section 6, where the 
finite clcnxml solution will be cxpundcd to inch&! 

cross-terms. 
Two or more interacting solutes where associa- 

(ions and dissociations arc? sul’ficicntly rapid to 

maintain equilibrium as solutes redistribute may 
be conveniently described by a single equation of 
thr form of cq. 1 obtained by adding the equations 
for the individual solutes that are in equilibrium. 
Then C,,. Q* and JA in eq. I WE: replaced by their 
aggregatr values Cr. Q7 and J.r. For example. for 
a rapidly self-associating monomer-dimcr-. . . )I- 
nicr :ystcm. wc have 

c,. - $c,- k K,Cl, 
,--I 1-I 

Qr- i 0,. 

(4) 

whcrc K, is the monomer-j-mcr equilibrium con- 
stant (K, - 1). and F’ and 5 nvcragc valurs of F 
and D dcfincd as 

~,-- ,$,D,(aq/a.r) 2 iD,A;C(-' 
1-l 

2 (ac,/a.v) 

a ,I (5) 
c jK,C(-’ 

J-1 1-l 

The second equality of eq. 5 is valid only when 
each ~K,/~x = 0 [S]. and thus an alternative ior- 
mulation is required if this is not the case. Al- 
though F is the weight-average fkw rate, D has no 
such simple physical interpretation. Because C, 
can he determined from C, by finding the positive 
root of eq. 4. it is apparent that P and b are 
functions of C,. Thus. such an associating system 

where equilibrium is maintained is mathcmntically 
equivalent to ii single solute tlwt has a complex 
conccntrcrtion dcpcndcncc .:f F and D [ 16]. 

WC now present some examples of the applica- 
tion of eqs. I and 3. Electrophorcsis illustrates 
flow techniques in a rectangalar coordinate sys- 
tcm, ultracentrifugation illustrates cylindrical co- 
ordinates, and diffusion into a sphere illustrates 
spherical coordinates. 

Let s bc the distance from the top of an ckctro- 
phorcsis column; then (1 - 0 ilIld b = 1. lhc length 
of the column. Let ,I, =&A. whcrc n is the 
column cross-sectional arca illld & tllc ftYlCliO:l Of 

A that is accessible to solute k. tr depends on lhc 

properties of ilIly supporting matrix (c.g., poly- 
ncrylamidc gel) tend the solute. Since 11 would 
normully bc constant it may bc factored out of the 
a( A, JA )/&v term in cq. 1. untl cancellcd. Thus, 
cqs. 1 and 3 bccomc 

whcrc /J is the clcctrophorctic mobility. and E the 
clcctric field strength [IO]. Note that in poly- 
acrylamidc gel clcctrophorcsis, for cxamplc, a 
grad&t in gcI concentration would result in tr 
being a function of x. The top of the column could 
be sclcctcd as some point above the top of the gel 
(whcrc & would bc I), so that the initially layered 
solute band is included in the column. The 
boundary conditions would dcpcnd on the cxpcri- 
mental design. Whencvcr the experiment is dc- 
signed so that no solute reaches the boundarics, 
the particularly simple boundary condition of zero 
flux (Jk(O, I) = 0 or Jk(/. r) = 0) can be used. 

2.2.2. Uhucenrrifugarion 

In ullraccntrifugation it is conventional to USC 
the radius from the axis of rotation (r) as the 
spatial coordinate. Then a and b become r‘, and r,. 

the radii of the meniscus and bottom of the ultra- 
centrifuge cell. The cross-sectional area is @rd. 

where B is the sector angle of the ultracentrifuge 
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cell (in radians) and d the cell thickness. Since Bd 

is constant. eqs. 1 and 3 become 

\vhere T,: is the sedimentation coefficient of solute 
X-. and w the angular velocity 1161. The boundary 
conditions are J,(r,, I) = Jk(r,,, t)= 0, reflecting 
the fact that no solute can cross th? meniscus or 
bottom of the centrifuge cell. 

2.2.3. Diffusion in a sphere 

The diffusion of solute into or out of a spherical 
object (e.g.. a gel bead or an idealized cell) is a 
one-dimensional problem where eq. 1 applies if the 
solute is symmetrically distributed about the center 
of the sphere. If r is the distance from the center of 
the sphere. then u = 0, h = r,,. the sphere’s radius, 
and A, = 4ar’&_ For constant &. eq. I becomes 

If solute flow occurs by diffusion only the flux is 

J&F-Dac, 
A ar ’ 

The boundary condition at the center of the sphere 
would be JA(O. t ) = 0. Any of several boundary 
conditions might apply at the surface of the sphere. 

-7.3. One-dimensional approximations to mulli-di- 

nimsiona~ problems 

Techniques involving bulk flow of solvent or 
multiple phases (e.g., chromatography) are not 
truly one-dimensional processes. since generally 
neither 1h.z solvent flow rate nor the solute 
concenration is constant throughout a given col- 
umn cross-section. Solvent flows more slowly near 
solid interfaces (solid support material or column 
walls) than away from such interfaces. and of 
course there is no flow at all in stationary phases. 
Thus. solute molecules are transported at a rate 
that depends on their position within the column 

cross-section. If solute molecules are not com- 

pletely equilibrated throughout the accessible col- 
umn cross-section the one-dimensional flow equa- 
tion does not rigorously apply. 

Nonetheless, since rigorous mathematical de- 
scription of such processes would be extremely 
complex, equations of the form of eqs. 1 and 3 are 
frequently applied as an approximation. Then C, 
and Fk represent the average concentration and 
flow rate of solute k throughout the portion of the 
column cross-section that is accessible to solute k. 

Since the flow rate is not constant throughout the 
column cross-section, a process known as disper- 
sion occurs, which results in spreading of solute 
bands beyond that expected due to diffusion. Dis- 
persion is often approximated by replacing Dk in 
eq. 3 with L,, the coefficient of axial dispersion, 
which empirically reflects band spreading due to 
dispersion as well as diffusion (e.g., see ref. 18). 
However, dispersion differs mathematically from 
diffusion and this approximate treatment does not 
reproduce the skewed peaks that are actually ob- 

served. 

3. Finite element space discretization 

Analytical solutions to systems of differential 
equations of the form of eqs. 1 and 2 are available 
for only very few of the most simple cases, and 
therefore in general it is necessary to resort to 
numerical solutions. In the following sections we 
present a finite element formulation for calcula- 
tion of numerical solutions to any system of such 
equations, provided only that Dkj, F, and Qk 
terms are constants or functions of solute con- 
centrations, _K and t; and A, is constant or a 
function of x on!y. In this section we perform a 
finite-element space discretization of eq. 1. a par- 
tial differential equation in the variables x and t, 
to obtain a series of differential equations in the 
variable t only that apply at discrete x positions on 
the interval u to b. 

For economy of notation we now drop the 
subscript k with the implicit understanding that an 
equation of the form of eq. 1 applies to each solute 
present. If these solutes interact in any way (in- 
cluding effects on D and F) then the equations 
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must be solved simultaneously. As a further con- 
venience we delay consideration of diffusion 
cross-terms until section 6. Thus, eqs. 1 and 3 
simplify to 

and 

_r=FC_*E 
a.r . (7) 

We will present a quite general derivation, the 
result of which can readily be applied to specific 
models by making appropriate post facto substitu- 
tions and simplifications. In order to accomplish 
this we will express D, F and A as the composite 
functions 

D-(Doi-Dc)D”, F=(F’+F’)F=, A=A’)A* (8) 

where Do, F” and A0 are constants with respect to 
x (Do and F’ might vary with t), D” and F’ can 
be functions of solute concentrations (including 
other solutes) or other functions of x and t, and 
D”, F” and A” are functions of x only. Do, F” and 
A0 may be regarded as the ‘basic’ values of the 
parameters; DD”, F” and A” should incorporate any 
direct dependence of the parameters on x (e.g., as 
would arise in electrophoresis in a gradient of gel 
concentration); and D’ and Fc incorporate func- 
tional dependences of D and F on other factors. 
For exampIe, in ultracentrifugation we have F = 
sw’r and A = Brd (r is used here in place of x)_ 
Suppose the soIute is nonideal and s and D depend 
on the solute concentration according to s = sa( I 
- k,C) and D = D,,(l + k,C), where se, k,, Do 
and k, are constants [16]. Then we could choose 
Do = Do, DC = D,k,C, D” = 1, F” =sooz, FC = 
- s,02k,C, F” = r, A0 = Bd and A” = r. 

Substituting eq. 8 into eqs. 6 and 7, and cancell- 
ing A0 we get 

-= 

at AX ax ’ 

and 

J=(F”+FC)FxC-(D”+DF)Dx~. (W 

The space discretization then proceeds as follows 
(many variations are possible, for a general refer- 

ence see ref. 2). Multiplying eq- 9 by A%, where o 
is a function of x to be specified later, and in- 
tegrating over x from cz to b yields 

[Multiplication by A” here results in weighting the 
solution according to the cross-sectional area at 
each point on the interval a to b. Multiplication by 
alternate functions would effect both the weight- 
ing and the difficulty of calculating the matrix 
elements.] Integrating the second term of this 
equation by parts gives 

We now divide the interval a to b into N 
subintervals or ‘elements’ of lengths h,, h,,. . . , h,. 
The h, terms are most frequently chosen all the 
same so that hi=h=(b-a)/N for i= l,...,N. 

Let x1. x2,. . - , xN+, be the positions of tne end- 
points of the elements, which are called nodes 
(xi = a and xN.,. , = b). 

Next we defined a set of basis functions P,( u), 
i=l ,_ _. , N + 1, that we can use to appro.ximate 
continuous functions of x by specifying the func- 
tion values at the nodes. A convenient choice for 
these functions is the piecewise-linear set used by 
Claverie et al. [3], sometimes called ‘hat’ functions 
because of their shape, which are defined as fol- 
lows: 

<=(A?-x,)/h,_,+l, X,_,--cX~X, 

C=I-(w--,)/h,, x,sxcx,+, 

P.=O, x-=x,_, or X=-X,+, 

Linear combinations of these functions form con- 
tinuous piecewise-linear interpolates of continuous 
functions. For example. the function C is ap- 
proximated as EyN_cI’ CjPj, where Cj = C(xi, t ). 

This approximate function equals C at the nodes, 
and is a Iinear interpolation between nodes. 

By approximating the functions Q, F” and D’C 
in the same manner, and substituting these ap- 
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prouimations into eqs. 11 and 10 we obtain 

(12) 

( ‘3) 

\vhcre Q, = Q(x,. t). 0;’ = D’(s,. t). F/’ = 
I-“ ( s,. I ). J, = J( a. r ). JdV+ , = J(h, t). A-;; = A”{a) 
and A!_ + ] = A’(h). 

The next step is to tepIace the function IJ by a 
set of N + 1 weighting functions to obtain a sys- 
tem of N -f- 1 equations. For this purpose we will 
use the same functions that were used as the basis 
functions. which is known as the Galerkin method 
[2].SubstitutingP,. i= l,...,N+ I, fornineq. 12 
Fields the system of equations 

A’P,ds+ J~vT,A;P,(h)-JIA.:.+,P,(a) 

(14) 

Xote that P,(o)= 1 and P,(a)=0 for ic 1; and 
P , * ,(I))= 1 and P,(h)=0 for i=_‘V+ 1. Sub- 
xtituting for J in rq. 14 and rearranging we obtain 

_/--“( ‘f’ ?P,) A’P,dx + J,v, ,A;.+,p,(h)- J,A;P,(a) 
n-1 

+ (‘5) 

Rearrangements, and in the case of the term in- 
volving 0; terms, use of the property of the hat 
functions that P,Pi = 0 wheneverj and k differ by 
more than 1, show that the terms of this system of 
equations may be expressed in matrix notation as 
folIows [3-51: 

J K’tl A$+,P,(b)-JIA;P,(a); i=I,...,N+l~j 

where A’, A’, Band Vare N + 1 by N + 1 matrices, 
and U and W N + 1 by N matrices whose elements 
are defined as follows: 

C. Q, CA, C’ and j are column vectors of length 
Iv + I. and C” and C”’ column vectors of length 
N: 

C=(c’,.C, . . . . . C,v+l)T, Q=(Q,.Q2 . . . . . Q,v+,)* 

c? = (F;c,, f=;c,,...,F$, ,C,S.+,)T_ 
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C’ = (D;C,. D;C, ,..., D,:.+ ,CN+ ,)T 

C”=(D;Cz,D,CC,....,D~C,,,)T. 

C”= (D;C,. D;C2_....D~+,CN)T 

i=(-J,A;.O.O.....O,J,+,A~+,)T 

(T indicates transposition.) 

(17) 

With the additional substitution DoA’ - F”A2 

= A. eq. 15 now becomes 

Bg+j+AC=BQ-(“CY+VCY+IVC~~)+A2C” (18) 

__ 

This completes the finite element space discreti- 
zation. We obtain a matrix equation of the form of 
eq. 18 for each solute 1, _ _ _ , s. These equations 
represent a simultaneous -vstem of first-order dif- 
ferential equations with ndependent variable t. 
and contain no functio- 5 of X. We now seek the 
solution to this system of equations, i.e., the solute 
concentrations at the nodes (the C vectors) as a 
function of i, subject to the boundary and initial 
conditions_ (Application of boundary conditions 
and time discretization will be covered in the 
following sections.) 

Solutions of eq. 18 represent approximate solu- 
tions of eq. 1. (Strictly speaking the functions 
X;\+,’ CiPi are the approximate solutions to eq. 1.) 
The accuracy of these solutions depends on the 
size of h (or hi terms)_ Solutions of eq. 18 converge 
to exact solutions of eq. 1 as h approaches zero. 
Convergence is second order - the error is ap- 
proximately proportional to h2. This relation be- 
tween the error and h becomes increasingly exact 
as h becomes smaller. Of course additional error is 
introduced in the time discretization. 

The vectors Q, C”, C”, C” and C” are all 
functions of the C terms for one or more solutes, 
and possibly t. If any of these vectors are nonzero 
then the system of equations will in general be 
nonlinear. All matrices except A depend only on 
Xir-.-rxN+i (constants), D”. F” and A” (functions 
of x), and therefore are independent of time and 
need to be calculated only once. A also depends 
on Do and F”, which in some cases might change 
with time. Since P, P, = 0 whenever i andi differ by 
more than unity, the matrices A, A’, A*, B and Y 
are all tridiagonal - having only 3N+ 1 nonzero 
elements. U and W contain only 2N nonzero 

elements, but actually need not be calculated and 
stored at all since their elements are all the same 
as, or additive inverses 9. elements of V_ Matrix 
elements for several common situations are given 
in appendix A. 

Eq. 18 was formulated with generality in mind, 
and considerable simplification frequently occurs. 
If D does not depend on solute concentration then 
DC in eq. 8 can be chosen as zero, and UC” + VC” 

+ WC” = 0. Similarly, if Fc = 0, then A’C” = 0. 

If solute interconversions do not occur then BQ = 

0. 

4. Boundary conditions 

In this section we illustrate how different 
boundary conditions can be incorporated into the 
finite element solution. The general procedure is to 
derive an appropriate expression for the flux at the 
boundary (J, or JN+ ,), substitute it into i in eq. 
18, and make convenient rearrangements. In all 
cases. an equation is obtained that incorporates 
the desired boundary conditions, and can be ex- 
pressed in the form 

(19) 

The vector k contains all zeros except possibly the 
first and last elements. The matrices in this equa- 
tion correspond to those in eq. 18, but the prime 
symbols (‘) denote that certain elements may be 
modified. Boundary conditions at x = a are in- 
corporated by modifications to the first element of 
k, and element (1, 1) of the primed matrices. 
Boundary conditions at x = b are incorporated by 
modifications to the last element of k. and element 
(N + 1, N + 1) of the primed matrices. 

We will assume that J, and JN+, can be ex- 
pressed in the forms 

J, = a, 

and 

J 
( 

dCsv+, 
N+I-WI dr-QN+I 

> 

+(~~FN+I+o,DN-~I+w~)CN+I+~S (21) 
where the LY and w terms are either constants or 



f:rnctiana of time. these expressions are very gen- 
cr.li. and probably encompass all practical 
b*>undary conditions. Some examples of the ap- 
pltc.ttions of these expressions are presented iater 
II rh!s section. 

I.ct the notation !_v/z[ represent an N+ 1 by 
\ + 1 rii:~ttis with eIement (1. I) equal to y, ele- 
tncnt f Am -t- I. IV + I) equal to z, and zeros 
cl~\\hcrc. Thrn substituting eqs. 20 and 21 into j 
111 cq. IS. and rearranging we can ohtain 

Since C, atad C,, , are the first and last elerttents 
of C. and F;%, and Fi, ,CN+ , are the first and 
last elements of CA, we can obtain 

Substitution of this expression for] into eq. 18 and 
rearrangement to combine the coefficient matrices 
of C and C” then leads to the modifications of the 
A2 matrix shown in cq. 22. The modifications for 
the other QL and o terms can be derived in a similar 
manner. 

The flux at a boundary may be known as a 
conscqurnce of the experimental design. This in- 
cludes the case of zero flux at the column ends. 
Note that the boundary flux could bc a prr?- 
determined function of time. Then tis or ws is the 
value of the flu.x, and all other a: or w terms arc 
zero. 

For many flow processes the fh~x of solute 
Isaving a column is equat to the product of the 
solute concentration at th;: boundary and the flow 
rate out of the cohimn. If J,V.+ I - &+ ,C,” r., then 
wz = I and all other w terms arc: zero. Thus, this 
boundary condition can be incorporated by sub- 
tracting &J, $A+& ~ 1 from element ( N -!- 1, fV -f- 1) 
of A ‘. The analogous boundary condition J, = I;;C, 
is satisfied by adding I;;‘A;\ to clement (I. 1) of Al. 

If a uniformly mixed reservoir of solution (com- 
partment) freely exchanges solute with thr column 
across a boundary, then its solute concentration 
and rate of change of C due to reactions tvczuld hc 
thr: same as for the boundary. i.e.. C, and Qi, or 
c <v + 1 and Q,,.+ 1. Let 8~ be the morass of solute in a 
~oI~~partnt~~lt adjoining a column at s = (I, and let 
V be the compartment volume. Then 



But 

d 01 
dr- 

-,t,~,.tVQ,+k.-k-C,. 

where A, =.4(x,), and k.,. and k_Ct are the rates 
of gain nnd loss of solute mass in the cotnp~u’ttnenl 
due to excftange witft cxtcrmtl sources. Substitut- 
ing this into cy. 23 gives 

Solving for J, yields 

v dC* 
---b Jt - - A, 1tr 

~Q+-$--)C'+ 

Tftis boundary cottdition can hc rrpplicd at s m h 
in lflc sitmc t2tttt~~cr. Then 

‘Thi? cot~cctrt;atiot~ at It l~out~d:try Its :I function 
of time may bc prcdctcrmincd (known) US :I COIISC- 

q~tctxc of tile cxpcritt~cntal design. This coitl~f 
occur, for cx:uapfc, if the boundary udjoitis a 
reservoir that cttn give up or accept solute without 
ctfftcting its con~~t~trtt~ioi~. An ridjoining caItlp:lt t- 

tnotlt Iikc tirat described in tltc prcccdiny exrtt~~pie. 
hut with ;t VCry iilrgc VOllttll~, WCXtid act 81s Such It 

rrservoir - whicit suggests :ttl oxtremciy simple 
mcci~at~isnl lo incorporulr this bouttdttry cottdi- 
lion. The results of tftc preceding cxampfa show 
that this boundary condition can bc applied sim- 
ply by addition of LI very l:trgu trumbcr (c.&, IO”‘) 
to clement (I, 1) or ( N i- I, N + I) of B, tmd srrb- 
stitution of the known vnluc for C, or C, , ,, 

For compfetencss WC note: on rrftcrmttivc mctltod 
of ircorporuting this boundary condi:ion. If tile 
solute concentration nt n boundary is known then 
tfte number of unknown vnrinblcs (C, terms) in the 
system of equations represented by cq. 18 is re- 
duced by 1. If CI is known then tq. 2-N i- 1 

comprise a systctn of N cqitntions in N unknown 
vurinblcs (C, , C3,. , . , C, ,. ,) thttt can be SOIVCJ 
indcpendsntfy of the first cqunlion, and thus lltr 
first equation can be dropped from the system. 
Dropping the first or f~tst cqutition from the sys- 
tcm represented by cq, IX can Ire tt~c~~tnplisit~~l by 
deleting the first or fnst rows of :llf tnalrices. :md 
the first or fast elcmcttt ofj. if desired, the drappcd 
cquntion cttn bc used lo citfcultlti! the flux It1 IIlL’ 
houttd~ry so tlr:tl. for exttmpfe. lh Ilet Sollit~ IHIISS 
tflrtt has cntcrcd or exited tftc coiut~tt~ c’III~ bc 
cnfculu~ccl (this upproncf~ has tfic advttntt~g~ ovw 
the uppficution of cq, 3 lhctl conservrttion of toll11 
solute tnitss is assursd), I-lowcvcr, sincc this n~etiiod 
l~‘ttds to modifications of t’q. 18 beyond thosL’ of 
eq. 19, it is tllua.!lI less convctrietll tlttlt~ tile m~th0d 
prcsctircd ttbovc, iind we will not consider ii fur- 
ther. 

5. ‘Ume discr44ztttion 

A mutrix cqitttliotl of the fortit of crl. 19 is 
obtuitrcd for cttch sohttc I l . I., s. *rbssc cqititlions 
arc It mittrix rcprcscntxttion of H siIttuftnticous sys- 
tem of first-or&r diffcrcnlittl cquotiot~s. Our gottl 
is lo cnfcuftttc conc~ntmtion distributions (0 vcc- 
tor6) ttt limus I,, Ia, etc.. given ;I specified set of 
initinl conditions in the fortn of cot~cct~lrttliotr 
distributions for cac11 solute: tit trn initial titnc c,t. 
Tltis type of initittl vnlue problem ctltl in prineiplc 
bc solved by It variety of ttttttt~ri~ttl tccfmiqucs, httt 

nuI~~erictt1 ittsl&thili~y cttn bc It st&otts problem 
with :t number of commonly rtscd methods such ats 
the Adtttns predictor-corrector or Rungc-Kurttt 
methods [ 191. Will1 the Adttms method corrector 
cnnvcrgcncc could not bc ttchicvcd in n rct~santil~fc 
number of itsrntions unless tm excessively stI~tt11 At 
wets used, With the Rungs-Kuttn method very hig! 
ttccurctcy am be obtained, but n f,Iirly smttll Al 
must stiff be used to prevent instability due to 
propagation of error. Both methods rcyuirc smnllcr 
Ar vnlucs us It, lcrtns bccomc smnfler. lt hns been 
our experience that the procedure presented bcl- 
low is usunffy II better compromise bctwccn con- 
siderations of uccurttcy. stubifity cfficicncy. :Ittd 
simplicity. 



.I If tj - ( (‘C” a- Iy-’ l WC” )+ .4=-‘c”. (24) 

‘1-11c tc‘r111~ cnmprising the vector d are in general 
n,~nlinc:tr with respect to the concentration distri- 
b11ti~W~. Eq. 19 now becomes 

.I< 

Comparison of accuracy obtained with different values of B and 
L)Ir for a sedimentation velocity simulation 

H .i; 
- .J’(‘=J-L k (25) 

1%~ titnc discrctization of this equation can be 

Accuracy is expressed as the standard deviation of 30 min 
concentration distributions (excluding the bottom 0.1 cm) from 
a fully converged solution (AI = 0.009, 0 = 0.5). The following 
parameters were used in the simulations: ru = 6.4 cm. r,, = 6.9 
cm.s=5.727xlO-” s, D 3 5.461 x IO-‘cm*/s. rpm = 50000. 
It = 0.01 cm, initial concentration of 1 mg/ml. 

cicri\cci in a finite-element context [Z]. but we will 
u>r‘ a simpler finite-difference approach since the 
~mc final result is obtained. In order to calculate 
concentration distributions at time f,, + I from those 
.1t time f,,. we wiI1 assume that all vectors are 
c~~tant over the time interval as follows: dC/dr 
=(C:,., - C,,),/Jf. where Jr = f,,+, - t,,: C = (1 
.-- s,c, + oc,,, ,. where 0 I 0 I 1: an.j d and k 
cqiral sonic average values over the time interval. d 
and &-. By mrtking these substitutions into cy. 19 
.ind rcarrnnging WC obtain the final recurrence 
cquatiun 

i\r 

I.17 0.069 I 0.023 1 0~~004 0.0697 
2.34 0.1375 0.046 1 0.00016 0.1400 
4.69 0.2725 0.091s 0.00064 0.2827 
9.38 0.5356 0.1824 0.00256 0.5765 

18.75 1.0363 0.3600 0.01024 1.2018 
37.5 1.9507 0.7021 0.04099 3 
75 3.5161 1.3417 0.16477 Jl 

150 5.9706 2.4905 0.67641 = 
300 9.4508 4.4933 3.23980 ’ 

a Solution is unstable. 

f R’ - Jrc?tl’)c,. , = [R’- Jf( I - R)A’]C” -F Jt(J+ K)(X) 

If w e choose d = d,. then 2 can be calculated from 
the Cl terms for each solute. Since k contains no 
unknown values. k can always be evaluated. The 
right-hand side of rq. 26 can thus be reduced to a 
single vector hy performing the indicated opera- 
tions. The expression in parentheses on the left- 
hand side of eq. 26 reduces to a tridiagonal matrix 
that needs to be recalculated only if Al. D”. or F” 
change. The resuiting equation is conveniently 
h0i\.L’d for c, * , by n Gaussian elimination proce- 

Arc that requires only 3h' + 1 multiplications and 
Z .V additions (see appendis B). Thus. C,, t terms 
cart he calculated from C, terms by solving this 
cqustion for each solute. Starting with the initial 
c‘~nditions (C,, terms), concentration distributions 
for all subsequent times can be calculated by 
rccursivcly solving this equation. 

racy for sedimentation velocity-type uitracentri- 
fuge simulation. 

Tiic accuracy of calculated solutions depends 
tan the choice of Jr. t?. II, terms. and the nature of 
rhc particular problem being solved. Calculated 

\~4utinns converge to the true (exact) solutions as 
Jr ;rnd II, terms approach zero (neglecting the 
cffecr of roundoff errors in computations). Table I 
illustrates the effect of varying dr and 8 on accu- 

Setting 8 = 1 results in the implicit scheme used 
by Claverie et al. [3-S]. If d = 0 (Le., e = F” = P’ 
= 0, as in table 1) this scheme is stable for any 
choice of At. With B = 0 we have an explicit scheme 
where stability depends on the choice of Ar. In 
fact, with d = 0 the solution is unconditionally 
stable for 0 > l/2, although oscillations can occur 
near 0 = l/2 [2]. Except for values of f? in the 
vicinity of l/2, convergence with respect to AZ is 

linear (first order) - the error is approximately 
proportional to At. For 8 = I/2 convergence is 
second order - the error is approximately propor- 
tional to A?‘. These relations between At and the 
error become exact as Ar approaches zero. As table 
I illustrates, use of B = l/2 can dramaticaIIy in- 
crease accuracy. However. if d * 0 the accuracy 
and convergence properties become more like the 
e = 0 case. 

If we use the same scheme for d as was used for 
C. i.e.. 6= (1 - B)d, + 8d,+ ,, accuracy and con- 
vergence properties similar to the d = 0 case result. 
However. because of the nonhnearity of d, eq. 26 
cannot be solved explicitly for C,,, , (since d de- 

Smndard deviation (mg/mi) (X 100) 

ff=I 3=2/3 l?=i/z 8=0 



pends on C,, , terms for each solute), and so an 
iterative solution procedure is required [2]. For the 
first iteration a can be extrapolated from past 
vaiues, or d,, can be used. For subsequent itera- 
tions_d,+, can be calculated from the C,, , terms, 
and d evaluated from the above formula. A few 
iterations should normally significantly improve 
the accuracy. In order to make the nonlinear terms 
as small as possible it is always best to choose Do, 
D’, F” and F’ so that DC and F’ are as small as 
possible compared to Lf” and Fop 

6. Lliffusion cross-terms 

In the preceding sections we made the usual 
assumption that diff_Jsion cross-terms were ncgligi- 
ble, and indeed it is most often possible to choose 
experimental conditions so that this is the case 
(e.g., by minimizing charge interactions among 
solute molecules by introducing high salt con- 
centrations). Nonetheless, considerable theoretical 
effort has gone into this area (e.g., see refs. 17 and 
ZO), and a numerical method for calculating solu- 
tions to flow equations that include cross-terms 
may be of value to some investigators. For- 
tunately, inclusion of cross-terms results in only 
slight additional complication. 

The solution already presented encompasses 
cases in which flow of a solute depends on the 
concentrations of other solutes through DC and F’ 
terms. Inclusion of diffusion cross-terms intro- 
duces the dependence of solute flow on the con- 
centration gradients of other solutes. 

We will retrace steps in the space discretization 
outlined in section 3 to point out changes that are 
necessary to utilize eq. 2 to describe the flux 
instead of eq. 3_ Again we drop the subscript k. 
Instead of eq. 7 we thus obtain 

Note that C = C, (Le., C, for I= k) and D = D,. 
Expressing D,, for I == k, as the composite function 
DFD”, eq. 10 becomes 

Approximating the functions Dp and C, as usual, 
the last term of eq. 13 is transformed to 

where Dtk = D;‘(x,, I) and C,.,= C,(x,, t). The 
next to last term in eq. 15 then becomes 

Again making use of the property of the hat 
functions that P,P, = 0 when j and k differ by 
more than unity, this term can be written in matrix 
notation as 

where 

G= (D;,c,.,.D;,C,.,.....D;,c,..~+,)T 

C~=(D;,c,.,.D;,C,.,.....D;,+,c,..~+,)T 

CT= (D;&t.D&G.z . . . . .D,&.,,G_,)T 

Eq. 27 then replaces (UP + VC” + HX”l’) in 
eq. 18 and corresponding expressions in subse- 
quent equations. Thus, the only change necessary 
to incorporate diffusion cross-terms is to calculate 
the vectors C;l, Ct and C;, and to sum over all 
solutes (I = I,..., s). The Dfk terms (I = l,..., s, k 
cc 1 ,. .., N + 1) are calculated according to the 
functional form for the dependence of the cross- 
term diffusion coefficients on soiute concentra- 
tions of the chosen model. Otherwise the simula- 
tion C-I proceed as before. 

7. Alternate basis functians 

In section 3 the basis and weighting functions 
(Pi, i= I,..., N -t- 1) were chosen as the 
piecewise-linear hat functions. With these func- 
tions convergence with respect to h (or hi terms) is 
second order. Many other choices for the basis 
and weighting functions with different conver- 
gence properties are possible [2]. With piecewise- 
quadratic basis functions (defined below) conver- 
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Table 2 

Comparison Of accuracy for hear. quadratic, and cubic basis 

functions 

n-,~ standard dcvktion of cakulated equilibrium Concentration 

di?;trihutions from the exact solukn is given for various vahv% 
of h using the following parameters: Do = 5 X IOe7 ct&/S. 
~“=~x~O-5cm/s.b-~a00.5cm,A”=D’=F”=1,D’~ 

p s J, = 3,. = 0. uniform initial concentmtion of I me/ml. 

h (cm) Standard deviation tmg/m\) 

Linear Quadratic Cubic 

6 0.05333 1.8967 1.5916 1.2507 

I2 0.0-%167 0.5666 0.3982 0.2439 

18 0.02778 0.26% 0.1509 0.0142 

2-I 0.02083 O.lrilO 0.0710 0.0288 

30 0.01667 0.0967 0.0385 0.0132 

36 0.01389 0.0674 0.0230 0.0068 

J2 0.01190 0.0496 0.0148 0.0038 

as 0.01042 0.0381 0.0100 0.0023 

hU 0.00833 0.0244 0.0052 0.0010 

gence is third order - the error is approximateIy 

proporticnal to h”. With piecewise-cubic functions 
convergence is fourth order. 

Table 2 compares the accuracy obtained with 
these basis functions for an equilibrium solution 
(similar to sedimentation equilibrium) where there 
is no error from time discretization. and where an 
analytical sohttion can be obtained so that the 
error can be precisely calculated. Use of these 
higher-order basis functions can significantly in- 
crease accuracy. Although the error is more sensi- 
tive to the choice of k with these functions. in our 
rxpericnce the quadratic and especially the cubic 
functions nearly always give significantly better 
results in practical situations. A notable exception 
occurs when simulating sedimentation velocity ex- 
periments_ whete the extremely rapid change in 
the concentration gradient at the bottoin of the 
cell can give rise to osciilations of the solution that 
are worse for the quadratic and cubic functions. 
unkss very small A, temls are used near the bot- 
tom. If the concentmtion distribution at the bot- 
tom is not of interest, these oscillations can be 
prevented by the artificial application of the 
boundary condifion J( b) = F( b)C( 6). which al- 
lows solute to flow out the bottom of the cell so 

that the plateau region extends right to the cell 
bottom. 

With the quadratic functions we again divide 
the interval Q to b into subintervals of lengths 
h h ,,-.-, /y, but now we must stipulate that N is 
divisible by 2 and h, = h,, h, = h,, etc. Actually 
two of these subintervals correspond to a single 
‘element’, but this distinction need not concern us 
here. The present system maintains the same num- 
bering of P,, xi, hi, Ci terms, etc., as has aheady 
been presented. The functions may then be de- 
fined as Follows: 

Eety=(x - xj)/2hj, and .z = (Xi -- X)/2hi_, 
For odd i: 

P,=Zi=-3=+-I. X,_~SXSX, 

P,--22y 2 -3y+l, X,-cXlX,+, 

For even i: 

P,= -4y’+I. x,_,sxj:s,+, 

P,=O, x-=x,_, or x5x,+, 

With the cubic functions N must be divisible by 
3,h,=h,=h3,h4=h5 = h,, etc., and three subin- 
tervals correspond to each element. The cubic 
functions are then defined as follows: 

Lety=(x-xi)/3h,.andz=(xi--,)/3h,_,- 

Fori=2,5,8 ,..., N-l: 

P,^27y3/2-9~‘-3y/2+I, x,_,c.xsx,,~ 

P,“O. XKX,_, or X==X,+* 

Fori=3,6,9,....N: 

P,- -27_v3/2-9y’t3y/2+1. r._,Ssz~x,,, 

P,eO. x<x,_1 or Yzx,+l 

Fori= 1,4,7, 10 ,.... Nt I: 

P,= -9z3/2+9~=-11-_/2+I, x,_,<xsx, 

P, = - 9-v 3/2 + 9_vz --ll_~/z+1. X,iXIX,+.j 

P, = 0. x c x,-3 or s a x,+3 

To obtain the term (UC’ f VC' -f- WC',) in eq. 
28 we made use of the property of the linear basis 
functions that P, P, = 0 when i and j differ by more 
than unity. NOW P,P, = 0 when i and j differ by 
more than 2 (for quadratics) or 3 (for cubits). and 
so instead we obtain a term cantaining 5 or 7 



matrices. To avOid this pru~~fe~~t~on Of matrices it 
seems advisabfe to restrict use of these h_i&er_order 
basis ftme&XIs to proHems where D’ =c^ 0 SC, that 
this troubkxwn@ term drops out. The efemems Of 
rhe remain@ matrices in eq. 18 are madificd, and 
the XIX&X batirlwidths are increased f~~~rn 3 EO S 
for the ~~~~d~~t~~ functions, and to 7 for the CU_!&S. 
Therefore, &we may be a modest increas& id the 
computations necessary t0 solve the matrix aqua- 
tion, depending on the aIgorithm ~mplayed. 
Otherwise tha solution procedure is unchanged 
&urn what has aiready been presennted, 

<Z#j T&e intervaI c1 to b is divided. into N efe- 
men& Olf lengtks ir,, . . <, h,, Ir which define the xi 
terms and the hat Functions (PS terms). 

(4) T&S matrix elements are computed using eg- 
16. T&e U, P and W matrices are needed o&y if 
D’ L xw2zzwx Matrix elements for several come 
mon situations are given in appendix A, 

(55) ~~~~~ conditions are applied by ~~~~~~~~ 
rhe expressirlx~ls fOr the flux at the boundaries in 
the form of eqs. 20 and 21, and then makirrg the 
necessary rnOd~~~~t~Ons TV matrix elements accord- 
iag iu eq, zz* 

EQ_ 26 is applicable to an extreme& tide va24iety 
of experiment& situations. Relatively simpk sub- 
stitutions axe all that is necessary to adapt this 
equation to difftxwnt systems. Geometrical facrc~~; 
the depen~~~~e of I?, F and A terms on x are 
taken into a~~otmt simply by substituting the up+ 
propriate functiofis for D’, F” and RX in trJle 

equatiuns far caicuhting the matrix eIements, eq.. 
16. ir2d&m of WC& cornpfexities as arbitrary gel 
cO~3centfatiOn ~~dients in get dectrophoresis is 
thus .stti@tfoward. Disconrinuous functions for 
OX, P and A” prt%mxC no sp~ial problems. 

Complex salute interactions are handled with 
ease by makirzg s~~~ti~~t~ons into the expressian 
fOr ~8, eq. 24. The olependence of D and i? terms crrr 
solute cOncentr&iox;ts is ea.&y included by sub- 
sf&zting the ;ipprogniate functions for D” and E” 
terms in the equatians to r&&ate CA, C”, C” and 
GH; eq. IY_ SOTute ass0&ations, dissociations, or 
other reactiuns, a.re ~~~o~orated &rough Q. 

foluti0ns oF any desired accuracy can be Ob- 
tained by using a~~~~~ent~~ smaii v&Xi% for h (Or 
if”,. tt?rms) and df, Re&+ed cornpurer time is ia- 
versely proportional to At and h, and memory 
requirements are aXso Snversely propor:i~nal to h. 
(If an operator mstttix is used to solve the mat&z 
equation as s~~~~t~~ in r&s. 3-5, rather thaa 
Gaussian Gnination, then computer time and 
memory requirements zire inversely proporticmal to 
J2.f 

We have wrirrztrr a comguzer prOgram in FUR- 
TRAN f0 simubts;t o~~d~rnens~O~a~ flow processes 
rlrat ~n~a~Ora$~s most uf the ideas presented here. 
Because of the diffic%ity of writing 8 completely 
self-contined prqyam that CaR handle the diver- 
s&y of pos&bIe ex~erimentat situations (e-g., mc;l ti- 
pie nonideal sdutes interacting in various ways, or 
unusual column geomts;trios), far any unusual model 
our program req.&es certain subroutines to be 
written by the usher. 7%~ program can be obtained 
by to writing the authors. 

Appendix A 

Since ~Orn~~~~t~o~ Of matrix e8ements cari be a 
&~Zious anb err06prone exercise in integrzztion, 
furmu2as for the c&uXation of matrix dements For 
three common situations, correspanding to the, 
examples in section 2.2, are presented here. tin- 
ear-basis functions are used, and a homo@;eneous 
medium is assum& in ali cases. For ‘i, i ’ sub- 
scffprs, i range3 fmm 2 to N. For ‘i, i -+ I’ an& 
‘i +- f , I ’ subscripts, i ranges from 1 to N. 

Fur more complir;ated situ&ions - quadratic 
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Rectangular 
coordinates 
(e!ecrro- 
phoresis) 

Cylindrical coordinates 
(ulrracentlifuge) 

Spherical coordinates (diffusion in a sphere) 

I’ . I ,.c;.,.- L’ I - 1.8 

1' 
T I- I- - ri;.,.r*;* ,., 

iI, 
I 

h, 
I I 

h,_,+xy 
I -- 
h, 

_’ 

0 

I I 
-+- 
2/1,_, Ih, 

1 -x, I -- ---- 
211, ‘h, 6 

I -- 
211, 

x 

1 

x 

“t$ 
h, 

.r I _-1-- 
_t,= h, -I- 

II, 2 8, “1-5 

-v,(h,-,+&,I h’_ -h’ 

3 
+r 

12 

_i!i_1. 
2h, 3 

x2 
1 
- 

: h 
r+x,+* 
h, 

and cubic basis functions or more complicated 
f~wnulas for A‘. D ’ and F” - the matrix elements 
arc most convenientIy computed by numerical in- 
t<gration. We use a Gauss-Legendre method [2I] 
.ri sufficient order to give exact values (within 
raundoff error) when A‘. D”, F-’ and P, terms are 
p+nomials. as is the usual case. 

Appendix B 

The overall efficiency of the finite element solu- 
tion depends greatly on the algorithm used to 
solve eq. 26. In particular, use of general algo- 
rithms (or subroutines) for the matrix-vector mul- 
tiplications and to solve for Cn+, is inefficient in 
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terms of the number of arithmetic operations re- 
quired. Therefore, in this appendix we present a 
highly efficient algorithm to soIve repeatedly eq. 
26. 

To soIve eq. 26 we must evaluate the right-hand 
side to obtain a vector, and then solve for C,, , by 
Gaussian elimination. We will use d= dn so that 2 
terms for each solute can be evaluated expIicitly 
from the C, terms. To evaluate the right-hand side, 
OF, <F and Qi (i= l,...,N+ 1) are computed 
from the C; terms according to the the model of 
the experimental system; the vectors C”, C”. C” 
and C” are computed according to eq. 17; C,. Q, 
C”, C’“, C” and C”’ are multiplied by matrices 
according to eqs. 24 and 26; and the resulting 
vectors are a11 added together to obtain a single 
vector. The algorithm presented below combines 
the operations in the evaluation of the right-hand 
side and the first part of the Gaussian elimination 
into a single ‘loop’; fully exploits the tridiagonality 
of the matrices and the fact that the elements of 
the U and W matrices are the same as or additive 
inverses of elements of Y; and reduces the number 
of arithmetic operations per iteration by perfor- 
ming as many operations as possible once at the 
beginning_ 

The nonzero elements of the tridiagonal N + 1 
by Nt 1 matrices A, B and V can be stored 
efficiently as N + 1 by three matrices. Let M rep- 
resent a full N + 1 by N+ 1 matrix. The corre- 
sponding N + 1 by 3 matrix, M’, is then defined as 
fo11ows: 

M,:, = nf;, 1.3 = 0 

M,~,=M,.,_,. i=2 . . . . . IV+1 

w:2 = J+f,.,. i= l.....N+ I 

hf,;3=M,.,+,. i=l,...,N. 

Let G, R, X, Y and 2 be the matrices (B’ + 
AtBA’), [B’ - At(l - @)A’], AtB’, ArA2’, and 
-At V’, respectively, all stored in N + 1 by 3 form. 
Note that G and R normally differ for each solute. 

X, Y and Z also differ unless A”, D”, F” and 
boundary conditions for the different solutes are 
the same. The number of arithmetic operations 
required in the Gaussian elimination per iteration 
can be reduced by modifying G in a process 
similar to ‘triangular decomposition’ as follows: 

Fori=2,3,4 ,_._, N+l: 

G.., = - G,.,/G,- 1.2 

c 8.2 = G,., +(G,.,G,-1.3) 

G,- I.2 = l/G- 1.2 

G,-I.,= -G,-1.3 

G,v+ 1.2 = I/G,.+ I.Z 

G and R need to be recomputed if Do, F”. At, or f? 
change. X, Y and Z must be recomputed if At 
changes. Also, if any boundary conditions change 
(except for a5 or +,) then G must be recomputed, 
but only element (1, 1) or (N + 1, N+ 1) of the 
other matrices must be changed. 

Let C, be the ith element of C,, and let C,* be 
the ith element of C,, ,. Using the Ci terms for 
each solute. pi, I;;-’ and II;< terms for each solute 
are computed according to the model of the ex- 
perimental system. Then Cj* terms (i.e., C,, ,) are 
computed at each iteration as follows: 

C:=C,F;. C,“=CzF;, Cf=C,D; 

C;=C,D;, c;=c,o;. c; =C,D$ 

‘7 = RI.&, + R,& + X,.,0, -t X,.,Qz + y,.zC? + Y,.&’ 

+Z~a~C~+Z,q*C~ +Z,.,(C,L‘-CC;‘)+Afu,Ai 

For i=2, 3,...,N: 

c,A, I =c,+,c,. C/=C,+,D:. CA,=C,,,D:+,. C,“=C,D;+, 

C:=R,.,C,-, +R,.z’=,+R,.K,+r +X,.,Q,-I+K.~Q, 

+~,.,Q.+,+~..,~~I+Y,.~C,~~Y,.~C::,+Z,+,.IC,” 

+z,.,t~~,-C~,)+ZI.ZC~+~.3(C~~*-~*-) 

+ Z,_ ,.3C:!, - G,.,C’ I- I 

C:;.+ , = [R,+ I.&V + R,+ I.Z<V+ I + x,.+ ,.,Q,v + x,.+ ,.zQ.v+ I 

+~“-,.,C~+~~+I.ZCIVA+,+Zv*I.I(C~-$;:) 

+Z,,.+,.,C~+,tz,,.SC~-Adro5A;;.+, 

iC. ~+LG]GN+I.z 

For i=N, N- I,..., 1: 

C: = (CT + Gr.,c;= i jGa.2 

If Q, F’, and D’ equal zero then corresponding 
terms in the above algorithm may be eliminated. 
For this most simple case multiplication of [B’ - 
At( 1 - @)A’] by C,, and the Gaussian elimination 
each require 2N additions and 3N + 1 multiplica- 
tions, for a total of 4N additions and 6N + 2 
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multiplications per iteration. If Q is nonzero then 
an additional 3N + 1 additions and 3N + 1 multi- 
plications are required (not counting computations 
necessary to calculate Q, terms). If F’ is nonzero 
then an additional 3N + 1 additions and 4N+ 2 
multiplications are required. If D’ is nonzero then 
an additional Sn’ + 1 additions. 8N + 2 muhiplica- 
tinns. and 2ZJ subtractions are required. Similarly. 
efficient algorithms can be devised for the case of 
quadratic or cubic basis functions. Detaik are 
available from the authors. 
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