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A finite element numerical solution to the general one-dimensiounal flow equation is derived in a form that provides a
convenient and general means to simulate a wide variety of one-dimensional flow techniques of interest to biological scientists,
e.g., ultracentrifugation, electrophoresis, chromatography, etc. Diverse physical models defined in terms of column geometry,
solute interactions, and the dependence of transport parameters on column position, time, or concentrations of one or more
solutes, can be accommodated. A particuiarly useful aspect of the formulation is that a wide variety of boundary conditions
can be simply applied to the end result, without rederivation of the solution for each new case. The numerical solution is
expressed as matrix equations that are sufficiently general so that incorporation of particular models c: n be effected by

substitution of appropriate quantities into the final result.

1. Introduction

The principles underlying the finite element
—ethod for solution of differential equations were
i..st presented by Courant in 1943. The method
was developed in its initial stages primarily by
engineers who applied it to problems in structural
mechanics and elasticity. Over the past two de-
cades applications of the finite element method
have been made with increasing frequency in areas
of engineering and physics where simulation of
model behavior is paramount (e.g., see refs. 1 and
2).

The finite element method was introduced to
biological scientists through a series of three papers
by Claverie, Dreux and Cohen [3-5]. They pre-
sented equations to calculate concentration distri-
butions of solutes redistributing with time in the
ultracentrifuge. Their formulation included chemi-
cal interactions among solutes, and the functional
dependence of a solute’s sedimentation and diffu-
sion coefficients on its own concentration, or on
the concentrations of other solutes (thus allowing
incorporation of such effects as thermodynamic
nonideality or changes in solution density or

0301-4622/83/803.00 © 1983 Elsevier Science Publishers B.V.

viscosity due to soiute redis:ribution} Their equa-
tions were expressed in relatively simple matrix
form appropriate for computer solution. In the last
of this series, Claverie [5] suggested that extension
of the method to other flow techniques could
result in a similarly convenient solution.

Further impetus to generalize thoir method re-
sulted from our recent demonstration that its
‘thought-wise obvious® incorporation to solve the
inverse problem of the ultracentrifuge was indeed
practical [6]. Thus, given a model of the expe-i-
mental system, it is possible to determine the
values of unknown parameters in the model that
minimize the least-square difference between
calculated and experimental data.

It should be recognized that several numerical
methods for the simulation of flow techniques of
interest to biological scientists have appeared over
the last two decades (including ultracentrifugation
[7-10), electrophoresis [10), isoelectric focusing
{11,12] and molecular exclusion chromatography
{13,14]). Some of the simulation techniques have
been applied to more than a single flow method,
and most appear capable of extension to a variety
of flow techniques. However, significant limita~
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tions often exist, in particular, because the ability
1o neorporate realistically o variety of boundary
conditions has not been demonstrated. t is be-
vond the intention of this manuscript to discuss
these simulation methods, A brief discussion of
muost of them has been given by Cox [8].

1t s the purpose of this manuscript to present a
penerat finite element solution to one-dimensional
flon problems such that a physical model of the
process defined in terms of column geometry,
boundary conditions, forces or flows acting to
effect solute redistribution, diffusion, interactions
between solutes, thermodynamic nonideality, ete.,
van be incorporated into the generalized solution
without requiring separate derivation for cach case.
Diverse models can be accommodated with a few
substitutions, minor rearrangements of the final
matrin cquation, and  straightforward computa-
tons of matrix elements. An intuitive corollary
suggests that a general computer program can be
written such that cach new model for cach new
process of interest can be  accommodated by
supplving relatively simple subroutines.

In summary. we present a formulation whose
cud result can be wransformed with relative case
mito 3 solution for any model of one-dimensional
flow irrespective (1o the best of our knowledge) of
the complexity of the model. We wish to point out.
however, that a one-dimensional model cannot
rigorausly apply to a number of commonly en-
countered flow processes that are frequently con-
stdered to be one-dimensional (e.g.. chromatogra-
phyv). Nonetheless, for true one-dimensional prob-
foms, and to the degree that other problems can be
rendered one-dimensional by approximation, we
sugpest that the approach presented here is un-
nvaled in generality and convenience of applica-
fion,

2. The one-dimensional flow equation

24 General formulation

Sinulation of experimental data for a one-di-
mensional flow process involving solutes num-
bered from 1 to s requires caleulating values of the
functions

Colvat) asvs b rxag. A=1.008,

where C; is the concentration (mass/volume) of
solute &, x the spatial coordinate along which flow
can occur, ¢ and b the positions of the boundaries,
¢ the time, and 7, the initial time. Such functions
represent the solution of an appropriante system of
& continuity cquations, subject to initinl and
boundary conditions determined by the experi-
mental design, Extending the gencral one-dimen-
sional continuity equation presented by Tanford
[15] to include solute interconversions results in

Z)("+ Voa(A L)
ar Ax ax
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where A,(x) is the cross-sectional area of the
column that is accessible to solute &, Ji(x, ¢} the
flux of solute & per unit of accessible cross-see-
tional area, and @, (x, t) represents a standard
kinetic expression for the rate of change of C, due
to any associations, dissociations, or other reac-
tions of the solutes. For example, for an associat-
ing monomer-dimer system, we would have @, =
kyC,— k,CP and Q, = — Q,. where &, and k are
the association and dissociation rate constants,
and the subscripts 1 and 2 refer to the monomer
and dimer, respectively. @, can always be evaluated
from the concentrations of reactants, and ap-
propriate rate constants. @, could include reac-
tions with sites on the column if the distribution of
such sites was sufficiently uniform throughout the
column cross-section that the one-dimensionality
of the problem was maintained.

The flux J; can be expressed in general form as

where Fi(x.r) is the average flow rate (em/s)
solute & would have in the absence of concentra-
tion gradients (when there is no solute redistribu-
tion due to diffusion), D, (x, 7) the main diffu-
sion coefficient of solute % in the column medium,
and Dy ,(x. 1), for I = %, cross-term diffusion coef-
ficients [16,17]. F and D terms can be functions of
x and r directly, or funcdons of the concentrations
of one or more of the solutes.

Experimentai conditions are usually such that
cross-term diffusion coefficients are sufficiently
small to be ignored. in which case eg. 2 simplifies
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to

ac,
v’

where D, = D, . This more convenient expression
for the flux will be used until section 6, where the
finite element solution will be expanded to include
cross-terms,

Two or more interacting solutes where associa-
tions and dissociations are sufficiently rapid to
maintain equilibrium as solutes redistribute may
be conveniently described by a single equation of
the form of eq. 1 obtained by adding the equations
for the individual solutes that are in equilibrium.
Then C;, Q4 and J; in eq. | are replaced by their
aggregate values Cy, @ and J,.. For example. for
a rapidly self-associating monomer-dimer-... n-
mer system, we have

J, = F,C, — D, (&)

r= X6 = X K, 4
=1 1=1

r= Z Q.
1=

ac,

J,-—I‘(‘,--—D'—‘W.

where K, is the monomersj-mer equilibrium con-
stant (K, =1), and F and D D average values of F
and D defined as

n

”n
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= -1 -]
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and
n n
> p(dG ax) X DK,
b= -2 (5)
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The second equality of eq. 5 is valid only when
each 3K,/dx =0 [8], and thus an alternative ror-
mulation is required if this is not the case. Al-
though F is the weight-average flow rate, D has no
such simple physical interpretation. Because C,
can be determined from Cy by finding the positive
root of eq. 4, it is apparent that F and D are
functions of C, . Thus, such an associating system

-
»N
w

where equilibrium is maintained is mathematically
equivalent to a single solute that has a complex
concentration dependence of F and D [16].

2.2. Some selected examples

We now present some examples of the applica-
tion of eqgs. 1 and 3. Electrophoresis illustrates
flow techniques in a rectangular coordinate sys-
tem, ultracentrifugation illustrates cylindrical co-
ordinates, and diffusion into a sphere illustrates
spherical coordinates.

2.2.1. Electrophoresis

Let x be the distance from the top of an electro-
phoresis column; then ¢ =0 and b =/, the length
of the column. Let A, =§, 4, where A is the
column cross-sectional area and §, the fraction of
- that is accessible to solute &, §; depends on the
propertics of any supporting matrix (e.g., poly-
acrylamide gel) and the solute. Since A4 woulid
normally be constant it may be factored out of the
(A, J)/0x term in eq. 1, and cancelled. Thus,
egs. 1 and 3 become
aac" é Lf;‘ﬂl = Q, and J, wp, EC, - D, ";"
where p is the electrophoretic mobility, and £ the
clectric ficld strength [10]. Note that in poly-
acrylamide gel clectrophoresis, for example, a
gradient in gel concentration would result in §;
being a function of x. The top of the column could
be selected as some point above the top of the gel
(where &, would be 1), so that the initially layered
solute band is included in the column. The
boundary conditions would depend on the experi-
mental design., Whenever the experiment is de-
signed so that no solute reaches the boundaries,
the particularly simple boundary condition of zero
flux (J, (0, t) =0 or J, (/. )= 0) can be used.

2.2.2. Ultracentrifugation

In ultracentrifugation it is conventional to use
the radius from the axis of rotation (r) as the
spatial coordinate. Then a and b become r, and r,
the radii of the meniscus and bottom of the ultra-
centrifuge cell. The cross-sectional area is 6rd,
where @ is the sector angle of the ultracentrifuge
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cell ¢érn radians) and d the cell thickness. Since 6d
is constant. eqs. 1 and 3 become

d 1.3(r%)
e Y Tar Tk mSrSn.
and
J *re, - b, oSk
=5, C, — D, —% |
. Yat & Ly

where s, is the sedimentation coefficient of solute
k. and « the angular velocity [16]. The boundary
conditions are J,(r,, t)=J.(r,, t)=0, reflecting
the fact that no solute can cross th: meniscus or
bottom of the centrifuge cell.

2.2.3. Diffusion in a sphere

The diffusion of solute into or out of a spherical
object (e.g.. a gel bead or an idealized cell) is a
one-dimensionzl problem where eq. 1 applies if the
solute is symmetrically distributed about the center
of the sphere. If r is the distance from the center of
the sphere, then a =0, b = r,, the sphere’s radius,
and A, = 4=r3§,. For constant §,. eq. 1 becomes

If solute flow occurs by diffusion only the flux is

IC,
- Dyt

Ji =

The boundary condition at the center of the sphere
would be J,(0,7)=0. Any of several boundary
conditions might apply at the surface of the sphere.

2.3. One-dimensional approximations to multi-di-
mensional problems

Techniques involving bulk flow of solvent or
multiple phases (e.g., chromatography) are not
truly one-dimensional processes, since generally
neither *th= solvent flow rate nor the solute
concen.ration is constant throughout a given col-
umn cinss-section. Solvent flows more slowly near
solid nterfaces (solid support material or column
walls) than away from such interfaces. and of
course there is no flow at all in stationary phases.
Thus. solute molecules are transported at a rate
that depends on their position within the column

cross-section. If solute molecules are not com-
pletely equilibrated throughout the accessible col-
umn cross-section the one-dimensional flow equa-
tion does not rigorously apply.

Nonetheless, since rigorous mathematical de-
scription of such processes would be extremely
complex, equations of the form of eqs. 1 and 3 are
frequently applied as an approximation. Then C,
and F, represent the average concentration and
flow rate of solute k& throughout the portion of the
column cross-section that is accessible to solute k.
Since the flow rate is not constant throughout the
column cross-section, a process known as disper-
sion occurs, which results in spreading of solute
bands beyond that expected due to diffusion. Dis-
persion is often approximated by replacing D, in
eq. 3 with L,, the coefficient of axial dispersion,
which empirically reflects band spreading due to
dispersion as well as diffusion (e.g., see ref. 18).
However, dispersion differs mathematically from
diffusion and this approximate treatment does not
reproduce the skewed peaks that are actually ob-
served.

3. Finite element space discretization

Analytical solutions to systems of differential
equations of the form of egs. 1 and 2 are available
for only very few of the most simple cases, and
therefore in general it is necessary to resort to
numerical solutions. In the following sections we
present a finite element formulation for calcula-
tion of numerical solutions to any system of such
equations, provided only that D, ;, F, and Q,
terms are constants or functions of solute con-
centrations, x and 7; and A4, is constant or a
function of x only. In this section we perform a
finite-element space discretization of eq. 1, a par-
tial differential equation in the variables x and ¢,
to obtain a series of differential equations in the
variable 7 only that apply at discrete x positions on
the interval a to b.

For economy of notation we now drop the
subscript & with the implicit understanding that an
equation of the form of eq. 1 applies to each solute
present. If these solutes interact in any way (in-
cluding effects on D and F) then the equations
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must be solved simultaneously. As a further con-
venience we delay consideration of diffusion
cross-terms until section 6. Thus, egs. 1 and 3
simplify to

aC , 1 3(aJ)

o tA T ¢ (6)
and

aC
J=FC'~DE;. (7)

We will present a quite general derivation, the
result of which can readily be applied to specific
models by making appropriate post facto substitu-
tions and simplifications. In order to accomplish
this we will express D, F and 4 as the composite
functions

D= (D%+ DYD*, F=(F%+ F)F*, A= A%~ (8)

where D° FO and 4?2 are consiants with respect to
x (D° and F© might vary with t), D¢ and F€ can
be functions of solute concentrations (including
other solutes) or other functions of x and ¢, and
D*, F* and 4* are functions of x only. D°, F° and
A° may be regarded as the ‘basic’ values of the
parameters; D, F* and A~ should incorporate any
direct dependence of the parameters on x (e.g., as
would arise in electrophoresis in a gradient of gel
concentration); and D¢ and F* incorporate func-
tional dependences of D and F on other factors.
For example, in ultracentrifugation we have F=
sw?r and 4 = 0rd (r is used here in place of x).
Suppose the solute is nonideal and s and D depend
on the solute concentration according to s =sg(1
— k) and D= Dy(1 + kyC), where sq4, k,, D,
and k, are constants [16]. Then we could choose
DO=D,, D=Dyk,C, D =1, FO= 5,02 F=
—500%k C, F*=r, A°=0d and A* = r.
Substituting eq. 8 into eqs. 6 and 7, and cancell-
ing 4% we get
ac | 1 3AY) _

4

Br  A4F 3x . ®

and

O X, 4] < xaC
J=(F°+F)FC—(D°+D)D"5—. (10)
The space discretization then proceeds as follows
(many variations are possible, for a general refer-

ence see ref. 2). Multiplying eq. 9 by 4*v, where v
is a function of x to be specified later, and in-
tegrating over x from a to b yields

58C 5 3{ A~ ) 5
_/; az AFodx +L B udx=j; OA%odx.

[Multiplication by 4~ here results in weighting the
solution according to the cross-sectional area at
each point on the interval a to . Multiplication by
alternate functions would effect both the weight-
ing and the difficulty of calculating the matrix
elements.] Integrating the second term of this
equation by parts gives

jj%—f/i"udx + J(B, 1y A (B) o (B)—T(a. 1} A% (a)v(a)

LS LN P
—_LAdedx—faQA vdx. an

We now divide the interval a to b into N
subintervals or ‘elements’ of lengths A\, h,,..., A,.
The h, terms are most frequently chosen all the
same so that A,=h=(b—a)/N for i=1,...,N.
Let x|, x,,..., x5, be the positions of the end-
points of the elements, which are called nodes
(x;=aand xy,,=0b).

Next we defined a set of basis functions P,(x),
i=1,..., N+ 1, that we can use to approximate
continuous functions of x by specifying the func-
tion values at the nodes. A convenient choice for
these functions is the piecewise-linear set used by
Claverie et al. [3], sometimes called ‘hat’ functions
because of their shape, which are defined as fol-
lows:

P=(x—x,)/hy+1, x,_,=x=<x,
P=1—(x—x,)/h, x, s x<x,,.,
P,=0, x<x,.; of x>x,,,
Linear combinations of these functions form con-
tinuous piecewise-linear interpolates of continuous
functions. For example, the function C is ap-
proximated as Zf’_*’,' G P;, where C;=C(x, 1).
This approximate function equals C at the nodes,
and is a linear interpclation between nodes.

By approximating the functions @, € and DC
in the same manner, and substituting these ap-
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proximations into egs. 11 and 10 we obtain

-1

/(z

)"'—d"‘“-’\u-"hn'-’(b) Sidio(a)

N+1
ﬁ/ 4~j—dl_j ( Y Q/P,)A*udx. 12)
=1
and

N1 N1
J=F“F‘( ¥ C,P,)+F'( >z ;;c,p,)

=1 7=1
N+l ogp N+ N+l dp
-D 1)~(’_‘ ,dt D‘(AX_':lD;PA)( dr)
(13)
where Q, Q(\'J. ). Df = D(x;. 1), F" =
Fux, ). Jy=J(a.1). I, ,=J(b, 1). AT = A"a)

and ,4._ g =AY(bD).

The next step is to replace the function © by a
set of N + 1 weighting functions to obtain a sys-
tem of N + 1 equations. For this purpose we will
use the same functions that were used as the basis
functions. which is known as the Galerkin method
[2]- Substituting P, i=1,..., N+ I, forvineq. 12
vields the system of equations

“u

N a
f“( > fP)A‘P.dx+J.\-,.A:P.(h)wm;ﬂp.(a)
b dp,
*ju A JG.Td"
“a 7=1

AR |
- fh( x Q,”:)"‘P.d-v: =l N+ (9

Note that P(a)=1 and P(a)=0 for i=1; and
P,. . b)=1 and P(b)=0 for i= N+ 1. Sub-
sututing for J in ¢q. 14 and rearranging we obtain

( \Z-I

AU dP )\ dp
o)

)A Pdx + Jy, AN P(b)Y—J, A P(a)

Ta r=1

" N+ dap N+
- r"_["l A‘F‘( > C,P,)T‘_'d.\-—f ( > P)A‘P,d.\-

=1 =1

dPp,
dx

A-1

oo Zon )Xo

N+1 aP,
+foFx(J¥lFrl )d i=1,.., N+1. (15)
Rearrangements, and in the case of the term in-
volving Dj terms, use of the property of the hat
functions that P, P, = 0 whenever j and & differ by
more than 1, show that the terms of this system of

equations may be expressed in matrix notation as
follows [3-5}:

N1 ac
& Z . L _ pdC
j;( Z FYIR A*Pdx; i=1,.... N+1 B_d
=1
Iner AR P(b) = S AP (a): i=1,... . N+1—j

N+1 dP

D"L”A ( e
F"j:’ ('\ilcp)

=1

)—-—dx. i=1.....N+1—= D%4'C

WN+1- F%3C

N+1

f(ZQ, I)A‘P'dx;i=] ~~~~~ N+l1oBO
=1

N+ N+l
b oixpyx ¢ dP dPp,
fao (5 en )L e g2 e

k=1 *

i=1...., N+1->UC*+VC* + WC»

N+
JraF ( 3 chp)—dr i=1,...,N+1-A4°C*
o

=1

where 4!, 4%, Band Vare N + 1 by N + 1 matrices,
and U and W N + 1 by N matrices whose elements
are defined as follows:

_f 4D vd‘ d a2 -th"F"P,ii'd.\-
B,.,=_[:P,P,A-*dx. v, —f 4D R, S0 c::'dx
U..,=j;hA'D~'pld?;‘ (;_ii x.

W"’=Lb"‘D‘E“l:11: Zi : (16)

C, Q. C7, C* and j are column vectors of length
N + 1, and C” and C" column vectors of length
N:

C=(C. Cannne

Cra) 2= (21,220 Oha )T

C C - T
“=(F|ClvF2C: ----- FiaiCrnar) -
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C® = (D{C,. D5Cy..... DG, Crsi)"

C*=(D{Cy, D5C;,..-, D5Cpyy)

C* = (D5Cy. D5C;..... D;+1CN)T

Fi= (=T A47,0.0,....0, I 1 A% 0)" a7

(T indicates transposition.)
With the additional substitution D%4' — F%42
= A. eq. 15 now becomes

ac

Bdl

+j+ AC=BQ —~(UC"+VC? +WC")+ A2C* (18)

This completes the finite element space discreti-
zation. We obtain a matrix equation of the form of
eq. 18 for each solute 1,.._,s. These equations
represent a simultaneous ~vstem of first-order dif-
ferential equations with :ndependent variable ¢,
and contain no functio- 5 of x. We now seek the
solution to this system of equations, i.e., the solute
concentrations at the nodes (the C vectors) as a
function of ¢, subject to the boundary and initial
conditions. (Application of boundary conditions
and time discretization will be covered in the
following sections.)

Solutions of eq. 18 represent approximate solu-
tions of eq. 1. (Strictly speaking the functions

'N*! C;P; are the approximate solutions to eq. 1.)
The accuracy of these solutions depends on the
size of i (or h, terms). Solutions of eq. 18 converge
to exact solutions of eq. 1 as A approaches zero.
Convergence is second order — the error is ap-
proximately proportional to 42. This relation be-
tween the error and # becomes increasingly exact
as h becomes smaller. Of course additional error is
introduced in the time discretization.

The vectors @, C4, C¥ C" and C" are all
functions of the C terms for one or more solutes,
and possibly ¢. If any of these vectors are nonzero
then the system of equations will in general be
nonlinear. All matrices except 4 depend only on
X|s-.+s Xn4 (constants), D, F¥ and 4* (functions
of x), and therefore are independent of time and
need to be calculated only once. A also depends
on D° and FY, which in some cases might change
with time. Since P, P, = 0 whenever / and j differ by
more than unity, the matrices 4, A4', 42, B and V
are all tridiagonal — having only 3N + 1 nonzero
elements. U and W contain only 2N nonzero

elements, but actually need not be calculated and
stored at all since their elements are all the same
as, or additive inverses .f, elements of V. Matrix
elements for several common situations are given
in appendix A.

Eq. 18 was formulated with generality in mind,
and considerable simplification frequently occurs.
If D does not depend on solute concentration then
D€ in eq. 8 can be chosen as zero, and UC¥ + VC®
+ WC* = 0. Similarly, if I'“=0, then 42C* =0.
If solute interconversions do not occur then BQ =
0.

4. Boundary conditions

In this section we illustrate how different
boundary conditions can be incorporated into the
finite element solution. The general procedure is to
derive an appropriate expression for the flux at the
boundary (J; or J,. ), substituie it into j in eq.
18, and make convenient rearrangements. In all
cases, an equation is obtained that incorporates
the desired boundary conditions, and can be ex-
pressed in the form

d
83 s ac= B'Q —(UC*+V'C® + WC*)+ A¥C* + k

drs
(19)

The vector & contains all zeros except possibly the
first and last elements. The matrices in this equa-
tion correspond to those in eq. 18, but the prime
symbols (") denote that certain elements may be
modified. Boundary conditions at x =a are in-
corporated by modifications to the first element of
k, and element (1, 1) of the primed matrices.
Boundary conditions at x = b are incorporated by
modifications to the last element of k, and element
(N + 1, N + 1) of the primed matrices.

We will assume that J; and Jy,, can be ex-
pressed in the forms

dc,
J|=°‘x(T_Q|)+(“2Fl+asbl+“4)cl+as (20)
and
dC,
JN+I=“’I( dA;+l“Q~+|)
F(wyFy ot w3Dy,y+ W )Cnyy + wy (21)

where the « and w terms are either constants or
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functions of time. these expressions are very gen-
cral. and probably encompass all practical
boundary conditions. Some examples of the ap-
pheations of these expressions are presented later
n thas section.

Let the notation ly/c] represent an N+ 1 by
v+ 1 matrix with element (1, 1) equal to y, ele-
ment (N 4+ 1L V4 1) equal to 2z, and zeros
clasewhere. Then substituting egs. 20 and 21 into §
mn ¢y, I8, and rearranging we can obtain

1 \
| -t ) ac
( B g‘. li) dr

) [ prfar ; -~ |

) X
[EF 2 NI I .,

Ja B eI - oy VAT +' —~ oy Ay C
w:"‘.\‘;t-“,‘\nx @4"“\\‘”

_ )
vers (1] 2o e

AY N
Wy Dy AN 0

SR A
. (_-(: - —w-g‘ I——‘-l—" )("
wy By AL
1
Clac Al 0.0, 0L el y) (22

where D =D a). DI,,=DXb), F=F‘(a)
and F{L = FY(H) This equation illustrates the
changes to clements of matrices and the vector &
that  are necessary 1o incorporate particular
boundary conditions. For example. if «; is non-
sero. ap A is subtracted from clement (1, 1) of B
m oeq. IR to obtain B in eq. 19. If w, is nonzero
WL By 4L, is subtracted from element (N +
LN+ Dol 42

T dlustrate the details involved in deriving eq.
220 let us consider the case where «, and @, are
nonsero, and all other &« and « terms are zero.
Then

LR LIRS S N PN S SN

{ g 400000, .().J\,‘A‘\,;)‘.
1
O P O 1000 e By O3 ,y)
Smwee F=(FY ¢ oy
NP P - 1
PR SO S AT SRR P JUUNR - Ry S AN SN P |

N - v
O ETEC AN O 0w FL L FS i Ca AL o)
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Since C, and C, ., are the first and last elements
of C, and F{C, and F§,,Cy,, are the first and
last elements of C*, we can obtain

—ay FAf

wr Fgdne

quo el

~ ay Fy'dy
w3 Fg 1A% o1

Substitution of this expression forj into eq. 18 and
rearrangement to combine the coefficient matrices
of C and C* then leads to the modifications of the
A* matrix shown in eq. 22. The modifications for
the other & and w terms can be derived in 2 similar
manner.,

4.1, Known flux ar the boundaries

The flux at a boundary may be known as a
consequence of the experimental design. This in-
cludes the case of zero flux at the column ends,
Note that the boundary flux could be a pre-
determined function of time. Then ag or w4 is the
value of the flux, and all other & or w terms are
zero.

4.2, flux equals F times the concemtration at a
boundary

For many flow processes the flux of solute
leaving a column is equal to the product of the
solute concentration at the boundary and the flow
rate out of the colummn. If J,, = F,, Cy ., then
w; =1 and all other « terms are zero. Thus, this
boundary condition can be incorporated by sub-
tracting F} ,A4Y,, from element (N+ 1, N+ 1)
of A%, The analogous boundary condition J, = FC,
is satisfied by adding F'43} to element (1, 1) of 42,

4.3, The boundary concentration equals the con-
centration of an adjoining compartment

If a uniformly mixed reservoir of solution (com-
partment) freely exchanges solute with the column
across a boundary, then its solute concentration
and rate of change of C due to reactions would be
the same as for the boundary, i.e.. €, and @,. or
Cy vy and @y, . Let 21 be the mass of solute in a
compartment adjoining a column at x = ¢, and let
I be the compartment volume. Then

dc, o G V) Ldm  mdV 1 dm G dY

=
dr dr ¥ ode yide  V dr VvV odr £
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But

%1:1- — A VO + ke, —k_C.

where 4, = A(x,), and &, and &£_C, are the rates
of gain and loss of solute mass in the compartment
duc to exchange with external sources, Substitut-
ing this into eq. 23 gives

C‘ dV

1. .
"'i;\"/fpﬁ‘f’VQ\‘i'k;—’\'_(—y)”‘““

4, i
Vv ode'

de

Solving for J, yiclds

v dac, v k_ Loary Lk,
J'—_Al dt ahQ‘*(A,“A, dr) ‘+A|'
Thus

..._....‘./.. Yy W ﬁ:..,,_l_..‘.‘_‘f \nitﬂﬁ‘i'
oy Nt o, RN A and oy AR

This boundary condition can be applied at x =5
in the same manner. Then

vV ‘( k. T4y

k,
- . we g
Axi Any Ay dr

wy ). nnd wg - -

Axys’

4.4, Known concentration ar a beundary

The concentration at a boundary as a function
of time may be predetermined (known) as o conse-
quence of the experimental design., This could
oceur, for example, if the boundury adjoins a
reservoir that can give up or accept solute without
affecting its concentration. An adjoining compatrt-
ment fike that described in the preceding example,
but with & very large volume, would act as such a
reservoir — which suggests an extremely simple
mechanism to incorporate this boundary condi-
tion. The results of the preceding example show
that this boundary condition can be applied sim-
ply by addition of a very large number (e.g., 10'")
to element (I, D or (N -+ 1, N+ 1) of B, and sub-
stitution of thc known value for C, or Cy, .

For completencss we nots an alternative method
of incorporating this boundary condition. If the
solute concentration at a boundary is known then
the number of unknown variables (C, terms) in the
system of equations represented by eq. 18 is re-
duced by 1. If C, is known then eq. 2-N + 1

comprise a system of N cquations in N unknown
variables (C,. Civvvry Cyyy) that can be solved
independently of the first equation, and thus the
first equation can be dropped from the system.
Dropping the first or lust equation from the sys-
tem represented by e, 18 can be accomplished by
deleting the first or last rows of all matrices, and
the first or last element of 7, If desired, the dropped
equation can be used to caleulate the flux at the
boundary so that, for example, the net solute mass
that has entered or exited the column can be
caleulated (this approach has the advantage over
the application of ¢q. 3 that conservation of total
solute mass is assured). However, since this method
leads to modifications of cq. 18 beyond those of
eq. 19, it is much less convenient than the method
presented above, and we will not consider it fur-
ther.

5. Time discretization

A matrix equation of the form of eq. 19 is
obtained for cach solute 1,...,s. These equations
are a matrix representation of a simultancous sys-
tem of first-order differential equations, Qur goal
is to calculnte concentration distributions (€ vee-
tors) at times ¢#,, #,, cte., given a specified set of
initinl conditions in the form of concentration
distributions for cach solute at an initial time ¢,
This type of initinl value problem can in principle
be solved by a variety of numerical techniques, but
numerical instability can be a serious problem
with a number of commonly used methods such as
the Adams predictor-corrector or Runge-Kutta
methods {19]. With the Adams method corrector
convergence could not be achieved in a reasonable
number of iterations unless an excessively small As
was used. With the Runge-Kutta method very high
anccuracy can be obtained, but a fairly small Ay
must still be used to prevent instability due to
propagation of error, Both methods require smaller
Ar values as &, terms become smaller. It has been
our experience that the procedure presented bel-
low is usually n better compromise between cone
siderations of accuracy. stability efficiency, and
simplicity.



Por convenience. let
d OBQ-{UC" 10 £ WO )+ 47°CH (24)

The terms comprising the vector d are in general
nonhnear with respect to the concentration distri-
butions, Eq. 19 now becomes
B A =dk (25)
The time discretization of this equation can be
derived in a finite-clement context [2]. but we will
use a simpler finite-difference approach since the
same final result is obtained. In order to calculate
concentration distributions at time ¢, , from those
at ume 7,,. we will assume that all vectors are
constant over the time interval as follows: dC/dr
=(C,.; —~CH/Ar. where Ar=1,, ,—1,; C=(1
~0C, +8C,,,. where 0<8<1: and d and &k
cqual some average values over the time interval, d
and k. By making these substitutions into eq. 19
and rearranging we obtain the final recurrence
cquation

(R - A847)C

LAS ]

=[B' - Ar(1-0)YA'}C, + 3r(d+ k) (26)

If we choose d = d, . then d can be calculated from
the €, terms for each solute. Since & contains no
unknown values. & can always be evaluated. The
right-hand side of eq. 26 can thus be reduced to a
single vector by performing the indicated opera-
tions. The expression in parentheses on the left-
hand side of eq. 26 reduces to a tridiagonal matrix
that needs to be recalculated only if Ar. D, or F°
change. The resulting equation is conveniently
solved for ., by a Gaussian elimination proce-
dure that requires only 3N + 1 multiplications and
2N additions (see appendix B). Thus, C, ., terms
can be calculated from C, terms by solving this
equation for each solute. Starting with the initial
conditions (G, terms). concentration distributions
for all subsequent times can be calculated by
recursively solving this equation.

The accuracy of calculated solutions depends
on the choice of Ar. 6. /i, terms. and the nature of
the particular problem being solved. Calculated
solutions converge to the true (exact) solutions as
A¢ and 4, terms approach zero (neglecting the
cffect of roundoff errors in computations). Table 1
Hustrates the effect of varying Ar and 8 on accu-
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Table 1

Comparison of accuracy obtained with different values of 4 and
At for a sedimentation velocity simulation

Accuracy is expressed as the standard deviation of 30 min
concentration distributions (excluding the bottom 0.1 e¢m) from
a fully converged solution (A7 = 0.009, 8 = 0.5). The following
parameters were used in the simulations: r, = 6.4 cm, r, = 6.9
cm.s =5.727x 10" 5, D = 5.461 10~ 7 ecm?/s. rpm = 50000,
h = 0.01 cm, initial concentration of 1 mg/ml.

Ar Standard deviation (mg/mi) { X 100)
g=1 8=2/3 8=1/2 =0
1.17 0.0691 0.0231 0.00004 0.0697
2.34 0.1375 0.0461 0.00016 0.1400
4.69 0.2725 0.0918 0.00064 0.2827
9.38 0.5356 0.1824 0.00256 0.5765
18.75 1.0363 0.3600 0.01024 1.2018
37.5 1.9507 0.7021 0.04099 a
75 3.5161 1.3417 0.16477 a
150 5.9706 2.4905 0.67641 a
300 9.4508 4,4933 3.23980 4

* Solution is unstable.

racy for sedimentation velocity-type ultracentri-
fuge simulation.

Setting § = 1 results in the implicit scheme used
by Claverie et al. [3-5]. If d=0 (ie., Q= F<= D~
=0, as in table 1) this scheme is stable for any
choice of Ar. With 8 = 0 we have an explicit scheme
where stability depends on the choice of Ar. In
fact, with d=0 the solution is unconditionally
stable for 8 = 1 /2, although oscillations can occur
near #=1/2 [2]. Except for values of # in the
vicinity of 1/2, convergence with respect to A7 is
linear (first order) — the error is approximately
proportional to Ar. For 8§=1/2 convergence is
second order —~ the error is approximately propor-
tional to A7 These relations between Ar and the
error become exact as Ar approaches zero. As table
I illustrates, use of § =1/2 can dramatically in-
crease accuracy. However, if d=0 the accuracy
and convergence properties become more like the
8 = 0 case.

If we use the same scheme for d as was used for
C. ie,d=(1-6)d,+60d,,,, accuracy and con-
vergence properties similar to the & = 0 case result.
However. because of the nonlinearity of d, eq. 26
cannot be solved explicitly for C,,, (since d de-
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pends on C, ., terms for each solute), and so an
iterative solution procedure is required 2], For the
first iteration d can be extrapolated from past
values, or d, can be used. For subsequent itera-
tions 4, , can be calculated from the C, ., terms,
and d evaluated from the above formula. A few
iterations should normally significantly improve
the accuracy. In order to make the nonlinear terms
as small as possible it is always best to choose D°,
D<, F° and F* so that D€ and F° are as small as
possible compared to D° and FO.

6. Diffusion cross-terms

In the preceding sections we made the usual
assumption that diffusion cross-terms were negligi-
ble, and indeed it is most often possible to choose
experimental conditions so thai this is the case
(e.g., by minimizing charge interactions among
solute molecules by introducing high salt con-
centrations). Nonetheless, considerable theoretical
effort has gone into this area (e.g., see refs. 17 and
20), and a numerical method for calculating solu-
tions to flow equations that include cross-terms
may be of value to some investigators. For-
tunately, inclusion of cross-terms results in only
slight additional complication.

The solution already presented encompasses
cases in which flow of a solute depends on the
concentrations of other solutes through D€ and F¢
terms. Inclusion of diffusion cross-terms intro-
duces the dependence of solute flow ¢n the con-
centration gradients of other solutes.

We will retrace steps in the space discretization
outlinerd in section 3 to point out changes that are
necessary to utilize eq. 2 to describe the flux
instead of eq. 3. Again we drop the subscript k.
Instead of eq. 7 we thus obtain

5, 9G,
J=FC~ ,‘;! D5t
Note that C=C, (i.e., C, for I=k) and D= D,.
Expressing D,, for [ = k, as the composite function
DfD~, eq. 10 becomes

ac,

5
- D~} D

I=1

J=(F%+ F)F*C~— D°D"

Approximating the functions Df and C, as usual,
the last term of eq. 13 is transformed to

5 N+1 N+1 dP

(> om)( ) c,,dx)
1= k-]

where Dj, = Df(x,,t) and C, ,=Cy(x,, t). The

next to last term in eq. 15 then becomes

j .r ( Ni‘ \ Ni‘ dP
- [Pa=Dp= ¥ Df P, c,. —tdx

=1 Ko} J\ =1 ’ d x dx
Again making use of the property of the hat
functions that P, P, =0 when j and k differ by
more than unity, this term can be written in matrix
notation as

—[U(ic,")-i—v(iC,")-*—W(}ic,‘”)] 2n
=1 Fml =1

where

Cr = (Di\Cra DiaCraee s DinCr iy )T

G = (DiCra PiaCrae-- DiniCrn sy )y

CF=(Df:Cr 1. DiCrzeee s Df e 1 Cr )T

Eq. 27 then replaces (UCH + VC® + WC™) in
eq. 18 and corresponding expressions in subse-
quent equations. Thus, the only change necessary
to incorporate diffusion cross-terms is to calculate
the vectors C, € and C/*, and to sum over all
solutes (/=1,...,5). The Df, terms (/=1,...,5, k
=1,...,N+ 1) are calculated according to the
functional form for the dependence of the cross-
term diffusion coefficients on solute concentra-
tions of the chosen model. Otherwise the simula-
tion cu:l proceed as before.

7. Alternate basis functions

In section 3 the basis and weighting functicns
(P, i=1,..., N+ 1) were chosen as the
piecewise-linear hat functions. With these func-
tions convergence with respect to 4 (or k; terms) is
second order. Many other choices for the basis
and weighting functions with different conver-
gence properties are possible [2]. With piecewise-
quadratic basis functions (defined below) conver-
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Table 2

Comparison of accuracy for linear. quadratic, and cubic basis
functions

The standard deviation of caleulated equilibrium concentration
Jistributions from the exact solution is given for various values
of h using the following parameters: D°=5x10"" cm®/s,
FO'=2x10"%cm/s.b—a=05cm, AX=D*=F*=1, D=
F* = J, = J, = 0. uniform initial concentration of { mg/wml.

N h {cm) Standard deviation (mg/mb)
Linear Quadratic Cubic
& 0.08333 1.8967 1.5916 1.2507
12 G.03167 0.5656 6.3982 0.2439
18 0.02778 0.2625 0.1509 0.0742
24 0.02083 0.1410 0.0710 0.0288
30 0.01667 Q.0%67 0.0385 0.0132
36 0.0138% 0.0674 0.0230 0.0068
a2 0.01190 0.0496 Q048 0.0038
48 0.01042 0.0381 0.0100 00023
60 0.00833 §.0244 0.0052 0.0010

gence s third order ~ the error is approximately
proporticnal o %#°. With piecewise-cubic functions
convergence is fourth order.

Table 2 compares the accuracy obtained with
these basis functions for an equilibrium solution
(similar to sedimentation equilibrium) where there
is no error from time discretization, and where an
analytical solution can be obtained so that the
error can be precisely calculated. Use of these
higher-order basis functions can significantly in-
crease accuracy. Although the error is more sensi-
tive to the choice of # with these functions, in our
experience the quadratic and especially the cubic
functions =nearly always give significantly better
results in practical situations. A notable exception
accurs when simulating sedimentation velocity ex-
perituents. where the extremely rapid change in
the concentration gradient at the bottom of the
cell can give rise to osciilations of the solution that
are worse for the quadratic and cubic functions.
uniess very small /2, terms are used near the bot-
tom. If the concentration distribution at the bot-
rom is not of interest, these oscillations can be
prevented by the artificial application of the
boundary condition J{b)= F(b)C(b). which al-
lows solute to flow out the bottom of the cell so

that the plateau region extends right to the cell
bottom.

With the quadratic functions we again divide
the interval a to & into subintervals of lengths
hy,...,hy, but now we must stipulate that N is
divisible by 2 and h, = h,, h, = h,, etc. Actually
two of these subintervals correspond to a single
‘element’, but this distinction need not concern us
here. The present system maintains the same num-
bering of P,, x;, h,, C, terms, etc., as has already
been presented. The functions may then be de-
fined as follows:

Let y={x~x;)/2h,, and z = (x; —x)/2k;_,

For odd i:

P=2z=3z41, x,_,<x<X
P=2y?-3y+1l, x,€£x<Xx,,,
P=0. x<X,.5 OF X>X,,3

For even 1:
Po=—4y?+1, x,_,<x=£X, .,

P=0, x<x,_; Ofr xX>X,,;

With the cubic functions N must be divisible by
3, hy,=hy=h,, h,=hs= hg, etc., and three subin-
tervals correspond to each element. The cubic
functions are then defined as follows:

Lety~{x~—x,)/3k;,,and z={x;,— x}/3h _,.
Fori=2,58,....N—1:
Po=2Ty3/2—953~33/2+1, X, | S XX,y
P,=0. x<x,_; OF X>X,,.3
Fori=3,6,9,...,N:

Po= =27y3/2—9y2 +3y/2+ 1, X,_; < X< X,y

P =0, x<x,.2 0f X>X,,,

Fori=1,4,7,10,....N+ 1:

i

P o= —9:7/249:2 - 112/2+1, x,_ <X <X,

I

P=—-932409p% 11y 241 x, XS X,,3

P=0, x<x,_3 0r X>X,,3

To obtain the term (UCY + VC¥ + WC”) in eq.
18 we made use of the property of the linear basis
functions that 2, P, = 0 when i and j differ by more
than unity. Now 2,7, =0 when 7/ and j differ by
more than 2 (for gquadratics) or 3 (for cubics). and
so instead we obtain a term containing 5 or 7
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matrices. To avoid this proliferation of matrices it
seems advisable to restrict use of these higher-order
basis functions to problems where D=0 50 that
this troublesome term drops out. The elements of
the remaining matrices in eq. 18 are modified, and
the matrix bandwidths are increased from 3 to 3
for the quadratic functions, and 1o 7 for the cubies.
Therefore, there may be a modest increase in the
computations necessary to solve the matrix equa-~
tion, depending on the algorithm emploved.
Otherwise the solution procedure is unchanged
from what has aiready been presented.

8. Sumunary

We can summarize the steps reguired to simu-
late a flow technique as follows:

{1) A model of the experimental process must
be formulated in terms of the funciional forms of
A, and Q. in eq. 1, £ and D, in eq. 3, and
boundary conditions for each solute £ = 1..... %

{2) The functions for D, F and 4 for each
solute are expressed as the composite function of
2q. 8.

(3) The interval a to & is divided into N &le-
ments of lengths %ry,..., Ay, ;. which define the x;
terms and the hat functions (2, terms).

{4} The maitrix clements are computed vsing £4.
16. The ¥/, ¥ and W matrices are needed only if
D* is nonzero. Matrix elements for severa) com-
mon situations are given in appendix A.

(5) Boundary conditions are applied by writing
the expressions for the flux at the boundaries in
the form of eqs. 20 and 21, and then making the
necessary modifications to matrix elements accord-
ing to eq. 22.

{6) Starting with initial concentration vectors
for each solute (€, terms) the conceniration veo-
tors at subsequent times are calculated by re-
peatediy solving eq. 268 for each solute.

Eq. 26 is applicable to an extremely wide variety
of experimental situations. Relatively simple sub-
stitutions are all that is necessary to adapt this
equation to different systems. Geometrical factors;
the dependence of D, F and 4 terms on x are
taken into account simply by substituting the ap~
propriate functions for D%, F* and 4% in the

equations for calculating the matrix elements, eq.
16. Inclusion of such compliexities as arbitrary gel
coacentration gradients in gel electrophoresis is
thus straightforward. Discontinuous functions for
D>, F* and A" present no special problerus.

Complex sofute interactions are handled with
case by making substitutions into the expression
for 2, eq. 24. The dependence of D and F terms on
solute concentrations is easily included by sub-
stitating the appropriate functions for D and F<
terms in the equations to calculate €4, C¥, C° and
¥, eq. 17. Solute associations, dissociations, or
other reactions, are incorporated through Q.

Sotutions of any desired accuracy can be ob-~
tained by using sufficiently smali values for 4 (or
#A; terms) and Ar. Required computer time is in-
verszly proportional to Az and %, and memory
requirements are also inversely proportional to #A.
(If an operator matrix is used to solve the matrix
equation as suggested in refs. 3-5, rather than
Gaussian elimination, then computer time and
memory requirements are inversely proportional to
£2)

We have written a computer program in FOR-
TRAN 1o simulate one-dimensional flow processes
that incorporates most of the ideas presented here.
Because of the difficuity of writing a completely
self-contained program that can handle the diver-
sity of possible experimental situations (e.g., multi-
ple nonideal solutes interacting in various ways, or
unusual column geometries), for any unusval model
our program requires certain subroutines to be
written by the user. This program can be obtained
by to writing the authors,

Appendix A

Since computation of matrix clements can be a
tedicus and error-pronpe exercise in integration,
formulas for the caleulation of matrix elements for
three cormmon situations, corresponding to the
examples in section 2.2, are preseated here. Lin-
ear-basis functions are used, and a homogeneous
medium is assvraned in all cases. For ‘i, i sub-
scripts, 7 ranges from 2 to N. For *6, i+ 1" and
*f+ 1, 77 subscripts, / ranges from 1 to N,

For more complicated situations ~ quadratic
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Rectangular Cylindrical coordinates Spherical coordinates (diffusion in a sphere)
coordinates (ultracentrifuge)

(electro-
phoresis)
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and cubic basis functions or more complicated

Appendix B

formulas for 4*, D* and F* — the matrix elements

are most conveniently computed by numerical in-
cgration. We use a Gauss-Legendre method [21]
of sufficient order to give exact values (within
roundoff error) when 4, D~, F* and P, terms are

polvnomials. as is the usual case.

The overall efficiency of the finite element solu-
tion depends greatly on the algorithm used to
solve eq. 26. In particular, use of general algo-
rithms (or subroutines) for the matrix-vector mul-
tiplications and to solve for C,,, is inefficient in
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terms of the number of arithmetic operations re-
quired. Therefore, in this appendix we present a
highly efficient algorithm to solve repeatedly eq.
26.

To solve eq. 26 we must evaluate the right-hand
side to obtain a vector, and then solve for C,,, by
Gaussian elimination. We will use d=d,, so thatd
terms for each solute can be evaluated explicitly
from the C, terms. To evaluate the right-hand side,
Df, Ff and Q; (i=1,...,N+ 1) are computed
from the C, terms according to the the model of
the experimental system; the vectors C4, C%, C*
and C* are computed according to eq. 17; C,. Q,
C4, C% C¥ and C* are multiplied by matrices
according to egs. 24 and 26; and the resulting
vectors are all added together to obtain a single
vector. The algorithm presented below combines
the operations in the evaluation of the right-hand
side and the first part of the Gaussian elimination
into a single ‘loop’; fully exploits the tridiagonality
of the matrices and the fact that the elements of
the U and W matrices are the same as or additive
inverses of elements of ¥; and reduces the number
of arithmetic operations per iteration by perfor-
ming as many operations as possible once at the
beginning.

Thke nonzero elements of the tridiagonal N + 1
by N+ 1 matrices 4, B and V can be stored
efficiently as N -+ 1 by three matrices. Let M rep-
resent a full N+ 1 by N+ 1 matrix. The corre-
sponding N + 1 by 3 matrix, M, is then defined as
follows:

)‘":,.l=1‘11;/+ 1,3=0
M y=M, , _ . i=2... N+1
M ,=M_,, i=1.._ . N+1

.2 2

M 3=M, . i=1,.. N

Let G, R, X, Y and Z be the matrices (B’ +
Ar647), [B" — At(l1 — 8)A’], AtB’, Ar4?%, and
—ArV’, respectively, all stored in N + 1 by 3 form.
Note that G and R normally differ for each solute.
X, Y and Z also differ unless A~, D*, F~ and
boundary conditions for the different solutes are
the same. The number of arithmetic operations
required in the Gaussian elimination per iteration
can be reduced by modifying G in a process
similar to ‘triangular decomposition’ as follows:
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Fori=2,3,4,...., N+ 1:
G,,=~—G /G, _>
G, =G, ,+(G, G, _,3)
G,_ 1 2=1/G;_,;
G,

(4

Gni 2=V /Gy s

G and R need to be recomputed if D°, F° Az, or 8
change. X, Y and Z must be recomputed if As
changes. Also, if any boundary conditions change
(except for as or w,) then G must be recomputeq,
but only element (1, 1) or (N + 1, N+ 1) of the
other matrices must be changed.

Let C, be the /th element of C,, and let C* be
the ith element of C, . ,. Using the C; terms for
each solute. Q,, Ff and Df terms for each solute
are computed according to the model of the ex-
perimental system. Then C* terms (i.e., C, ) are
computed at each iteration as follows:

—13=—G,_,3

Ci' = C,Ff. C## =C,F5, C¥ =CsDf
Cy=C,Df. C§=C,D5, C} =C,DS
CP=R,,C,+ R 3G + X, 1,0+ X, 302 + ¥V, .G + ¥, 5G4
+ Z51Cl' + Zy oCT + 2, 3(CF — € ) + Aras Ay
Fori=23,...,N:
CAV=C Fr. C*=CoiDf, Ciy=Couy D5y G =C, D,
Cr=R,\C+R,,C,+R,C +X,0,_,+X,,0,
+ X, 30, H Y CA Y, ,CA+ Y, CA  + 2, ,,CF
+Z (CLi—~CL )+ Z ,CP+Z, 5(C5,—C)
+Z G0, -G, ¢,

F

Chor=[RuiraCx+ Ry sCna1 + Xns 14Qn + Xns 1 2001
Yy aCR + Y1 2CR 1+ Zya 1 1 (CH — CF)
+Zy1.2C 1+ 2y sCF — Atws A%,

T Gpr1aCH]Ghris

Fori=N,N—1,...,1:

Cr=(C*+ G, 3C% )G,

If Q, F, and D¢ equal zero then corresponding
terms in the above algorithrn may be eliminated.
For this most simple case multiplication of [ B’ —
At(l1 —8)A4’] by C,, and the Gaussian elimination
each require 2N additions and 3N + 1 multiplica-
tions, for a total of 4N additions and 6N + 2
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multiplications per iteration. If Q is nonzero then
an additional 3N + 1 additions and 3N + 1 multi-
plications are required (not counting computations
necessary to calculate Q, terms). If F¢ is nonzero
then an additional 3N + 1 additions and 4N + 2
multiplications are required. If D¢ is nonzero then
an additional SN + 1 additions. 8NV + 2 multiplica-
tions. and 2/ subtractions are required. Similarly.
¢fficient algorithms can be devised for the case of
quadratic or cubic basis functions. Details are
available from the authors.
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